Abstract. -Let K be a finite extension of Q p . The field of norms of a strictly APF extension K ∞ /K is a local field of characteristic p equipped with an action of Gal(K ∞ /K). When can we lift this action to characteristic zero, along with a compatible Frobenius map ? In this article, we explain what we mean by lifting the field of norms, explain its relevance to the theory of (ϕ, Γ)-modules, and show that under a certain assumption on the type of lift, such an extension is generated by the torsion points of a relative Lubin-Tate group and that the power series giving the lift of the action of the Galois group of K ∞ /K are twists of semi-conjugates of endomorphisms of the same relative Lubin-Tate group.
Introduction
Let K be a finite extension of Q p , and let K ∞ /K be a totally ramified Galois extension which is "strictly arithmetically profinite" in the sense of Wintenberger [Win83] , so that we can attach to K ∞ /K its field of norms X K (K ∞ ). This field of norms is a field of characteristic p, isomorphic to k K ((π K )) where k K denotes the residue field of K and where π K is a uniformizer of X K (K ∞ ), and is naturally equipped with an action of Γ K = Gal(K ∞ /K). Let E be a finite extension of Q p such that k E ⊃ k K . In this article, we consider the following slightly generalized question of Berger [Ber14] : when can we lift the action of Γ K on k K ((π K )) to the p-adic completion of O E [[T ] ][1/T ], which is a complete ring of characteristic 0 that lifts an unramified extension of X K (K ∞ ), along with a compatible O E -linear power of the Frobenius map ϕ d ? When it is possible to do so, we say, following Berger's definition, that the action of Γ K is liftable.
In the case where k E = k K and where we have an O E -linear compatible Frobenius map ϕ q , Fontaine's construction of (ϕ, Γ)-modules applies, and we get an equivalence of categories between (ϕ q , Γ K )-modules on A K , the p-adic completion
of O E [[T ]][1/T ], and
O E -linear representations of G K . Such a lift is possible when K ∞ /K is the cyclotomic extension, or more generally when K ∞ /K is generated by the torsion points of a formal relative Lubin-Tate group, relative to a subextension E/F of K. Note that, if the action of Γ K is liftable, we then have power series F g (T ) and P (T ) in A K that commute under the composition law, where P is a noninvertible series and the F g are invertible. If we make the same assumption as in [Ber14] , that is assuming that P (T ) is actually a power series in A
, we shall call that case a lift of finite height and in that case, one can show that, up to a variable change, we have To do so, we use methods Berger developped to study some "ϕ-iterate extensions" and show that these methods can be applied to our case. More general ϕ-iterate extensions have been defined and studied by Cais and Davis in [CD15] , and one of their main results [CD15, Prop. 7 .15] shows that if K ∞ /K is a strictly APF extension that is Galois and ϕ-iterate, then the action of Γ K = Gal(K ∞ /K) is liftable. In particular, our theorem 0.1 applies to ϕ-iterate extensions that are Galois and thus generalizes Berger's theorem [Ber16, Thm. 6 .4] for more general ϕ-iterate extensions.
P (T ) ∈ T · O E [[T ]] and the series F g (T ) also belong to T · O E [[T ]] (see [
In that finite height case, which is the case this article will study, we recover the situation of non archimedean dynamical systems studied by Lubin in [Lub94] , that is families of elements of T · O E [[T ] ] who commute one to another for the composition law.
In [Lub94,  Page 341], Lubin noticed that "experimental evidence seems to suggest that for an invertible series to commute with a noninvertible series, there must be a formal group somehow in the background". Various results have been obtained in that direction (see for instance [Li96] , [Li97b] , [LMS02] , [Sar10] , [Ber17] ) and our theorem 0.1 shows that there is indeed a formal group that accounts for this. The last part of this article is dedicated to explicit a link between the power series by which Γ K acts on A K and some endomorphims of the same relative Lubin-Tate formal group.
As this article is dedicated to the question of lifts of finite height of the lifts of fields of norms, it also seems relevant to consider the following question: First, we prove the following, which is a partial converse of theorem 0.1 and shows that a straightforward generalization of the remark of Wach and Herr does not hold for every extension for which the action is liftable: Theorem 0.2. -Let K be a finite extension of Q p and let K ∞ /K be the extension generated by the torsion points of a relative Lubin-Tate group, relative to a subfield F of K. Let L be an extension of K, contained in K ∞ such that K ∞ /L is finite and Galois, of degree prime to p. Then there exists a finite extension E of K and a ϕ-iterate extension
In particular, the action of Gal(L/E) and Gal(K ∞ /E) is liftable of finite height, but K ∞ /L is totally ramified.
Then, we prove how one can relate the power series appearing from the Γ K action of A K with endomorphisms of a formal group: Theorem 0.3. -If K ∞ /K is a strictly APF Galois extension such that the action of Γ K = Gal(K ∞ /K) is liftable, with power series P (T ) and {F g (T )} ∈ A K In the meantime, some of the methods used to prove this theorem allow us to give an answer to question 1 for relative Lubin-Tate extensions that is basically the same as in the cyclotomic case: 
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Lifting the field of norms
Let K be a finite extension of Q p , and let K ∞ be an infinite totally ramified Galois extension of K which is "strictly arithmetically profinite" in the sense of [Win83, Def. 1.2.1]. This is a technical condition about the ramification of the extension K ∞ /K. Note that, if Γ K = Gal(K ∞ /K) is a p-adic Lie group, it follows from the main result of [Sen72] that K ∞ /K is strictly arithmetically profinite.
We can apply to the extension K ∞ /K the "field of norms" construction of FontaineWintenberger [Win83] which is the following : let E K∞/K be the set of finite extensions of K contained in K ∞ , and let X K (K ∞ ) be the set of sequences ( 
By construction of X K (K ∞ ), it is naturally endowed with an action of Γ K . It is also endowed with the Frobenius map ϕ q : x → x q which commutes with the action of Γ K .
Now let E be a finite extension of Q p with residue field k E = k K , let ̟ E be a uniformizer of E and let
The notation A K is used for compatibility with the action of G K , but be careful that it is actually dependent on E, even though E does not appear in this notation. This ring A K is a ̟ E -Cohen ring for
. Following the definition of [Ber14] , we will say that the action of Γ K is liftable if there exists such a field E and power series {F g (T )} g∈Γ K and P (T ) in
The main question we are interested in is trying to understand for which extensions K ∞ /K the action of Γ K is liftable. One reason for asking this is that in that case we get a (ϕ, Γ)-module theory a la Fontaine to study O E -representations of G K , replacing the cyclotomic extension in the theory of Fontaine by the extension K ∞ /K. In particular, if the action of Γ K is liftable, then there is an equivalence of categories between étale
We have the following results, which are theorems 1.3 and 1.4 of [Ber14] :
In [Ber14, Thm. 4.1], Berger showed the following: In particular, if the action of Γ K is liftable with
We also know some cases where the action of Γ K is liftable, namely in the cyclotomic case, which is the situation studied by Fontaine in [Fon90] , and more generally in the Lubin-Tate case ([Win83] for the remark that it is liftable in characteristic zero and [KR09] for the construction of the related (ϕ, Γ)-modules).
We can actually generalize the notion of "liftable action": let E be a finite extension of Q p with residue field k E ⊃ k K and let d be a power of q. We say that the action of Γ K is liftable if there exists power series {F g (T )} g∈Γ K and P (T ) in A K such that:
In this more general setting, there is no reason anymore to get a theory of (ϕ, Γ)-modules a priori.
Embeddings into rings of periods
In this section, we explain how to view the different rings we talked about in the previous section as subrings of some of Fontaine's rings of periods, and we give some key results about those rings and embeddings that will be used later on. We also recall some results of Cais and Davis about their "canonical Cohen rings for norm fields" [CD15] that we shall need later on.
Let K/Q p be a finite extension and let K ∞ /K be a strictly APF extension. It will be convenient later on to see X K (K ∞ ) as a subring of Fontaine's ring E which we define as follows: since K ∞ /K is strictly APF, there exists by [Win83, 4.2 
where
is the ring of integers of X K (K ∞ ). We can extend this embedding into
where E is the fraction field of E + , and we note E K its image.
It will also be convenient to have the following interpretation for E + :
To see that both definitions coincide, we refer to [BC09, Prop. 4.3.1]. Note that, even though E K depends on K ∞ rather than on K, it is still sensitive to K:
Proof. -See [CD15, Prop. 4.14].
Assume now that K ∞ /K is Galois and that the action of Γ K is liftable to
and endow it with the O E -linear Frobenius map ϕ q and the O E -linear action of G K coming from those on E (this is well defined since 
To simplify the notations, we will still denote A K for its image by this embedding. As stated in the previous section, we have the following lemma which is a consequence of Hensel's lemma:
Proof. -See for example the discussion before [Ber14, Thm. 1.3].
Let u ∈ A K be the image of T by the embedding given by proposition 2.2, so that ϕ q (u) = P (u) and g(u) = F g (u) for g ∈ Γ K . Assume that the lift is of finite height, that
]. Then we have the following:
Definition 2.5.
Even though the assumption that the lift is of finite height might seem reasonable, it is a really strong assumption, as it is not stable under base change. Consider for example the cyclotomic case over Q p , so that we can take P (T ) = (1 + T ) p − 1 and 
Relative Lubin-Tate groups
In this section, we quickly recall de Shalit's construction (see [dS85] ) of a family of formal groups that generalize Lubin-Tate groups and the results we will need about them.
Let F be a finite extension of Q p , with ring of integers O F and residue field k F of cardinal q. Let h ≥ 1 and let E be the unramified extension of F of degree h. Let ϕ q :
∈ h · Z} and we have the following results:
and the isomorphism class of S depends only on α,
for all a ∈ O F , there is a unique power series [a](T ) ∈ O E [[T ]] such that [a](T ) = aT + O(T 2 ) and [a](T ) ∈ End(S)
.
1. E m = E(Λ m ) and the fields E m depend only on α and not on the choice of f (T ) ∈ F r α .
The extension E m /E is Galois with Galois group isomorphic to
Proof. -See [dS85] and [Iwa86] .
In order not to confuse relative Lubin-Tate characters with the classical ones, we will note if needed χ 
In particular, the action of Gal(Q p /E) on the torsion points of S is given by g(x)
Proof. -Every part of the proof is basically in [Iwa86, §4] but this result is not actually stated in [Iwa86] . For the convenience of the reader, we give a full proof of this result.
We also write ϕ and ϕ ′ for Frob F and Frob E respectively. Let f (T ) = ̟T + T q and f
We write Λ and Λ ′ for the torsion points of S f and S f ′ respectively. By the discussion after proposition 4.4 of [Iwa86] and [Iwa86, Prop. 4.5], there is a
, where ε is a unit of O Q unr p , and such that:
The power series θ is thus such that
a unit), we get an isomorphism Λ → Λ ′ of O F -modules, and we have
Moreover, we have
i.e.
Since g acts on Λ ′ , that is on the torsion points of S, via g(
, the previous equality tells us that g acts on the torsion points of
ϕ-iterate extensions
In this section, we give a notion of "ϕ-iterate extension" that generalizes the LubinTate extensions and is a bit more general that the definitions of [Ber16] and [CD15] .
The notion of ϕ-iterate extension will prove useful afterwards.
Definition 4.1. -Let u 0 = π be a uniformizer of O K , let d be a power of q and let
We call extensions of this form ϕ-iterate.
Remark 4.2. -This definition is a bit more general than the one of Berger in [Ber16] since he asks thatP (T ) is a polynomial of the form
Our definition 4.1 is almost the same as the one of Cais and Davis in [CD15] , the only difference is that they ask d to be equal to q in their definition.
Example 4.3. -
If P (T ) = T q and π is a uniformizer of K, the corresponding ϕ-iterate extension
If S is a relative Lubin-Tate group, relative to an extension E/F and α ∈ F as in
Cais and Davis actually proved the following for their definition of ϕ-iterate extension, and the generalization to our definition is straightforward: Proof. -This is a direct consequence of the main theorem of [CDL16] .
In what follows, we will only consider ϕ-iterate extensions K ∞ /K that are Galois.
In particular, in that case, theorem 4.4 proves that for such extensions, the action of Γ K = Gal(K ∞ /K) is liftable of finite height.
Lifts of finite height
We now go back to the question of the strictly APF extensions K ∞ /K which are Galois with Galois group Γ K = Gal(K ∞ /K) and such that the action of Γ K is liftable of finite height. We will show in this section that such an extension is generated, up to a finite extension, by the torsion points of a relative Lubin-Tate group.
Let us now recall the hypotheses we will work with:
Let K ∞ /K be a strictly APF extension which is Galois, with Galois group Γ K = Gal(K ∞ /K). We suppose that the action of Γ K is liftable of finite height, so that there exists a finite extension E of Q p with residue field k E ⊃ k K , d a power of q and power series {F g (T )} g∈Γ K and P (T ) in A K such that:
Recall that there exists a 
We also define
Recall that by proposition 2.2 there exists a Γ K -equivariant embedding
by lemma 2.4, this element u belongs to A + .
Let us recall some results of section 4 of [Ber14] , which allow us to improve on the regularity of the power series P (T ) and
Proof. -See [Ber14, Prop. 4.2] and the erratum [Ber18] .
Since we have F g (0) = 0, we can define a character η :
Proof. -This is the same proof as in [Ber14, Lemm. 4 .4].
In the following, we consider that we have made such a change of variable and we keep the previous notations, so that P (0) = 0 and
Proof. -This is [Ber14, Lemm. 4.5].
Corollary 5.4. -The character η :
Proof. -This is a straightforward consequence of [Lub94, Prop. 1.1] which tells us that if
] which commutes with Q is entirely determined by f ′ (0). This implies that F g is determined by η(g). In particular,
we have F g (T ) = T if and only if g(u) = u and thus if and only if g = id.
Since we have P ′ (0) = 0, we can define a logarithm attached to P as in [Lub94] :
on the open unit disk and such that:
Proof. -See propositions 1.2, 2.2 and 1.3 of [Lub94] which also show that
,
We will use this logarithm to construct crystalline periods for η as in [Ber16, §4] . 
where π is a uniformizer of O E and {x k } k∈Z is a sequence of E + . Let e be the ramification index of E/Q p , and for r ≥ 0,
and let V (x) = inf r≥0 V (x, r). Then B In the case where K = E and K/Q p is Galois, one can actually show the following: We recall an other useful result from [Lub94] :
E and is not a root of 1, let Λ(g) be the set of the fixed points of all the iterates of g. Then if f and g commute, we have Λ(f ) = Λ(g).
We also get the following result (compare with [Ber16, Prop. 5.6]), where r τ is the weight of η at τ for τ ∈ Σ:
Proposition 5.9. -If τ ∈ Σ, the following are equivalent:
It is clear that (4) implies (3). We now prove that (3) implies (4). Let x = θ(u τ ), so that
. If g is close enough to 1, then g(x) = x and so x ∈ Λ(F τ g ) = Λ(P τ ) by proposition 5.8. The only thing left to prove is that (4) implies (2). If there exists n ≥ 0 
Proof. -The first thing to note is that there exists τ ∈ Σ such that r τ ≥ 1. Indeed, the character η has nonnegative weights so if such a τ did not exist, η would have all its weights equal to 0, so that the representation given by η would be C p -admissible and so η would be potentially unramified by Sen's theorem [Sen73, §5] . Since K ∞ /K is totally ramified and infinite and η is injective, it can not be potentially unramified.
where K 1 is the maximal tamely ramified extension of K ∞ /K. We have v ∈ E + and we write v = (v n ) n∈N for the components of v 
, it has only finitely many zeroes in the open unit disk. Since ||v n || → 1 and for all n ≥ 0, ||v n || < 1, this implies that F τ g (T ) = T and therefore that g(u) = u, i.e. g = id. This implies that
Up to replacing E by a finite extension of E, which does not change the assumption that the action of Γ K is liftable on O E [[T ]], one can assume that E/Q p is Galois (and thus in particular that τ (E) = E), that E contains K and that the extension E ∞ := E · K ∞ is totally ramified over E. In the following, we will assume that E satisfies those assumptions. Recall that our definition of A + is actually dependent on E, so that we also have to change A + . We can always assume that d is a power of the cardinal of k E (if not, we replace P by one of its iterate P •m , which does not change the extension K ∞ /K nor the extension E ∞ /E, and we renumber the v n and the extensions K n and E n to take this change into account, that is choosing
We then denote, for n ∈ N, E n+1 := E(v n ) (there might be some confusion since we also wrote E 1 for the maximal tamely ramified extension of E inside E ∞ , but we won't use the maximal tamely ramified extension of E inside E ∞ in what follows). We also let
Lemma 5.11. -For all n ∈ N ∪ {+∞}, the extension E n /E is Galois and we have an embedding Gal(E n /E) → Gal(K n /K) given by g → g |Kn . Moreover, the extension E ∞ /E is strictly APF.
Proof. -The first part of the lemma is a well known result of Galois theory. 
Proof.
Proposition 5.10 shows that u τ ∈ R, and so in particular we know that
We also know that lim ← −
] for some v ∈ E + by the theory of field of norms, and we consider an element w ∈ R/̟ E R with minimal valuation within
This set is nonempty since it contains u τ , and so we can chose an element of minimal valuation within it since the valuation induced by the one on E + on lim ← − 
Proof. -The set 
Now let R(T ) = Q(T + a) with a ∈ m E and let w
to be 0, it suffices to find a ∈ m E such that Q(a) = a. Such an a exists since we have
Q(T ) ≡ T d mod m E so that the Newton polygon of Q(T ) − T starts with a segment of length 1 and of slope −v p (Q(0)). Now, we have S(w
Lemma 5.13 shows that one can choose
, and we will assume in what follows that such a choice has been made.
Lemma 5.14. -The ring O E [[w]] is stable under the action of Γ E , and if g ∈ Γ E , there exists a power series H g (T ) ∈ O E [[T ]] such that g(w) = H g (w).
Proof. -Since for all n ∈ N, E n /E is Galois by lemma 5.11 and since the action of G E commutes with ϕ and θ, the set
is stable under the action of Γ E , and by proposition 5.12, this set is equal to
then g(w) ∈ O E [[w]] and so there exists H g (T ) ∈ O E [[T ]] such that H g (w) = g(w).
The power series Q(T ) and {H g (T )} share the same regularity properties as the power series P and {F g (T )}:
Proposition 5.15. -One has Q ′ (0) = 0 and for all g ∈ Γ E , H g (0) = 0.
Proof. -The proof is the same as for proposition 5.1 and lemma 5.3.
We now define κ(g) = H
The properties of regularity of the power series Q and {H g (T )} allow us to prove that κ is injective:
Proof. -As in the proof of corollary 5.4, this follows from proposition 1.1 of [Lub94] , which shows that if
commutes with Q is determined by f ′ (0). Thus H g is entirely determined by κ(g). It remains to prove that the action of g on w determines g, but if g ∈ Γ E acts trivially on w, then since u τ ∈ O E [[w]], we get g(u τ ) = u τ , and so g acts trivially on E ∞ .
Since Q ′ (0) = 0, we can also define a logarithm attached to Q as in proposition 5.5:
Proposition 5.17. -There exists a unique power series L Q (T ) ∈ K[[T ]], holomorphic on the open unit disk and such that:
We also define "conjugates" of the period w, which are the analogs of the periods u τ :
we define, for τ ∈ Σ = Gal(E/Q p ), w τ = (τ ⊗ ϕ n(τ ) )(w) ∈ A + , where n(τ ) ∈ N is such that τ = ϕ n(τ ) on k E . Note that even though we fixed a particular element τ of Σ in proposition 5.10, we still use the notation τ for any element of Σ to avoid too much notations.
Just as in proposition 5.7, we have the following result:
Proposition 5.18. -The character κ is crystalline with nonnegative weights.
Proof. -Again, this is the same proof as in [Ber16, Prop. 5.2].
We also define for τ ∈ Σ, w
. These w n,k τ will allow us to give some approximations of the elements w 
Proof. -The fact that the first four items are equivalent has already been proven in the proof of proposition 5.9. It thus remains to prove the equivalence with item (5). The proof is similar with the proof of [Ber16, Prop. 5.6].
If 
and so f τ (0) is a root of Q τ (T ) = T .
Since Q τ (0) = 0 and since 
Once again, we have a similar result as the one of Berger, and the following lemma is the analog of [Ber16, Coro. 5.8].
Lemma 5.24.
-Proposition 5.12 shows that τ = id satisfies condition (3) of proposition 5.21, so that r ′ id ≥ 1. If σ, τ satisfy condition (5) of proposition 5.21, then one can write
(w)), thus στ also satisfies condition (5). Since Σ is a finite group, this shows that G is a subgroup of Σ.
By lemma 5.23,
which implies passing to the limit that L
. This holds for every τ ∈ H, and so
× F , its weight r ′ τ at τ depends only on τ |F and so is independent of τ ∈ H.
In order to finish the proof of theorem 0.1, we will need some local class field theory: for λ a uniformizer of E, let E λ be the extension of E attached to λ by local class field theory. This extension is generated by the torsion points of a Lubin-Tate formal group defined over E and attached to λ, and we write χ 
Proof. -Let F be the field given by lemma 5.24 and let r = r ′ τ for τ ∈ G, which does not depend on the choice of τ ∈ G by the same lemma. Lemma 5.24 also shows that G = Gal(E/F ), and so, combining these results with proposition 5.25, we get that
These results and lemma 3.2 allow us to prove the following: 
Let S be the relative Lubin-Tate group attached to α, and let L S ∞ be the extension of L generated by the torsion points of S. By theorem 5.26 and some Galois theory, we get:
finite Galois extension whose Galois group is isomorphic to {x ∈ O ×
F , x r = 1}. The conclusion comes from the fact that L ∞ /K ∞ is finite.
From Lubin-Tate extensions to ϕ-iterate extensions
In this section, we show a partial converse of theorem 5.27. Let K be a finite extension of Q p and let K ∞ /K be the extension generated by the torsion points of a relative LubinTate group, relative to a subfield F of K. We will prove that, if L is an extension of K, contained in K ∞ and such that K ∞ /L is finite and Galois, of degree prime to p, then L/K is ϕ-iterate up to a finite level. In particular, using theorem 4.4, the action of L/K will be liftable of finite height. To do so, we use some results from [LMS02] . These results will be used in the next section.
Note however that a full converse of theorem 5.27 does not hold. A full converse result of theorem 5.27 would be that when K/Q p is a finite extension and K ∞ /K is the extension generated over K by the torsion points of a relative Lubin-Tate group S, relative to an extension E/F with E ⊂ K, then any extension L of K such that K ∞ /L is finite and Galois would be ϕ-iterate. In particular, taking L = K ∞ , the action of Γ K = Gal(K ∞ /K) would be liftable of finite height thanks to theorem 4.4. But in the case where K ∞ is the cyclotomic extension of K and K is such that In what follows, F is a finite extension of Q p and K is a finite unramified extension of F .
Let q be the cardinal of k K . Let S(X, Y ) be a formal relative Lubin-Tate group, relative to the extension K/F , attached to α ∈ O F and K ∞ is the extension of K generated by the torsion points of S. We note
The group W acts on M by (right) composition:
W is Galois with Galois group isomorphic to W , and we
Lemma 6.1.
Proof. -This is lemma 2.1 of [LMS02] and it is a straightforward consequence of a more general theorem of Samuel [Sam66] ,
which says that if O is a local noetherian complete domain, and if G is a finite group of O-automorphisms of O[[T ]], then the ring
Proposition 6.2. -For all a in K, there exists a unique power series Γ a such that
We then have the relation Γ a • Γ b = Γ ab and Γ a is for a ∈ O K a power series whose derivative at 0 is a d .
Proof. -The fact that, for all a ∈ K, there exists a unique power series Γ a such that
is a direct consequence of lemma 6.1. The relation
The power series Γ k for k ∈ O × K are entirely determined by their derivative at 0:
Proof. -Let L P be Lubin's logarithm attached to P as in proposition 5.5. Then We will now consider the power series Γ α and use it to construct a ϕ-iterate extension.
To do so, we will need the following lemma:
Lemma 6.4. -The power series Γ α satisfies the following:
Proof. -The first item has already been proven in proposition 6.2. In order to prove the second item, we use the relation
, which gives us by reducing mod
Theorem 6.5. -Let K be a finite extension of Q p and let K ∞ /K be the extension generated by the torsion points of a relative Lubin-Tate group, relative to a subfield F of
L is finite and Galois, of degree prime to p. Then there exists a finite extension E of K and a ϕ-iterate extension
We will now prove that u 0 is a uniformizer of E := K(u 0 ). The discussion following 
Let us now define a sequence (x n ) such that [α](x n+1 ) = x n , and let u n = R(x n ). Then
Since the power series Γ α satisfies conditions of definition 4.1 and since u 0 is a uni-
and so Γ χα(g) (T ) = T since the power series Γ k are determined by their derivative at 0 by lemma 6.3. In particular, Γ χα(g) (u n ) = u n for all n and so 
Formal groups, semi-conjugation and condensation
In this section, we show that the power series F g and P given in the case of a finite height lift of the field of norms are related to endomorphisms of a formal group. Let us first recall the setting of non archimedean dynamical systems as studied in [Lub94] . We say that a power series
We say that g is stable if g ′ (0) is neither 0 nor a root of 1.
The case studied by Lubin is the case where two stable power series f and u commute, with f noninvertible and u invertible. Following Lubin's statement that "experimental evidence seems to suggest that for an invertible series to commute with a noninvertible series, there must be a formal group somehow in the background", it seems reasonable to expect that, given such power series f and u (at least when f is non zero modulo m K ), there exists a formal group S, a nonzero power series h and two endomorphisms f S and
we say in that case that f and f S , and u and u S , are semi-conjugate and that h is an isogeny from f S to f . One of the main examples of this situation is the condensation in the sense of Lubin (see [Lub94, p. 144] ), of which the construction of the power series Γ a in the previous section is a particular case.
We will see how the power series F g given in the case of a finite height lift of the field of norms can be seen as semi-conjugates of endomorphisms of a relative LubinTate group. But first, we will prove our theorem 0.4. Let K ∞ /K be a relative LubinTate extension, relative to a subfield F of K and attached to α ∈ O F . Let u 0 = 0 and let (u n ) n∈N be a compatible sequence of roots of iterates of [α] , that is such that and
. Now let E be a finite extension of K, and let E ∞ = E · K ∞ . By lemma 2.3, there exists a unique étale Proof.
and
, with α k = 0. The equality
and since
F is injective, this implies that f (0) = 0. It remains to prove that k = 1 in order to prove the lemma. By proposition 5.25, if λ is a uniformizer of O E such that E ∞ ⊂ E λ , then there exists a subfield F ′ of E and an integer 
Evaluating at w gives usf (u) = ϕ In particular, this answers our question 1 in the case of Lubin-Tate extensions: the only extensions of K ∞ for which there exists a finite height lift are the unramified ones.
We will now show how to relate the power series given in the case of a finite height lift of the field of norms with endomorphisms of some relative Lubin-Tate group. To do so, we will use the "canonical Cohen ring" for norm fields constructed by Cais and Davis in [CD15] . Let K ∞ /K be an infinite strictly APF extension which is Galois, and such that
with power series P (T ) and {F g (T )} g∈Γ K . As in section 5, we can assume that E contains K, is Galois over Q p and is such that E ∞ /E is totally ramified. By proposition 5.10, there exists 
Proof. -Let E ′ = F unr ∩ E and let F S ∞ be the extension of F generated over E ′ by the torsion points of S. For n ≥ 1, let is independent of n ≥ n 0 , and is equal to v Ev n 0 (v n 0 ).
Let π n be a uniformizer of O E(vn) such that E(v n ) = E(π n ) (this is possible since E(v n )/E is totally ramified).
Lemma 7.7. -There exist positive constants A and B such that, for all n ≥ 1, for all σ ∈ Gal(E(v n )/E(v n−1 ),
Proof. -Using the same arguments as in the proof of [CD15, Lemma 7.2], we can prove that there exist positive constants A ′ and B ′ such that, for all n ≥ 1 and for all σ ∈ Gal(E(v n )/E(v n−1 )):
Let n 0 be such as in lemma 7.6. Since v E(vn) (v n ) = k 0 and since π n is a uniformizer of O E(vn) , one can write
where the a k can be written as Teichmüller representatives of elements of k E (in particular, σ(a k ) = a k for all k and v E (a k ) = 0 if a k = 0), and with a k 0 = 0. This gives us that
).
In particular, we get that
In particular, by letting B = k 0 (B ′ + 1), we get that ord πn (σ(π n ) − π n ) ≤ Bq n . There also exists n 1 ≥ 0 such that (ord πn (σ(π n ) − π n )), k 0 (A ′ − 1 q n 1 )), then we have q n A ≤ ord πn (σ(π n ) − π n ) for all n ≥ 1 and σ ∈ Gal(E(v n )/E(v n−1 )).
Lemma 7.8. -Let σ ∈ Gal(E(v n )/E). Then
where B is the same as in lemma 7.7.
Proof. -The same proof as the one of [CD15, Lemm. 7.3] shows that for all σ ∈ Gal(E(v n )/E),
with B ′ the same constant as the one in the proof of lemma 7.7. Using the fact that ord πn (σ(π n ) − π n ) + k 0 = k 0 ord vn (σ(v n ) − v n ), we get that ord πn (σ(π n ) − π n ) ≤ Bq n with B = k 0 (B ′ + 1), which is the same constant B as in lemma 7.7.
Proof of Proposition 7.5. -Lemma 7.7 and lemma 7.8 allow us to apply lemmas 7.5, 7.6, corollary 7.7, proposition 7.9 and lemmas 7.10 and 7.11 of [CD15] (note that we do not need lemma 7.4 of ibid. since all our extensions are already Galois) in order to obtain the equivalent of corollary 7.12 of ibid., that is that there exist i, i 0 Proof. However, in the case where K/Q p is unramified, the author expects that the power series F g are actual semi-conjugates of the relative Lubin-Tate group.
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